January 2009
- August 2009

CAYEN
First Report
Matthias Zeller

Institute for Mathematics, University of Education

Freiburg, Germany; zeller.matthias@ph-freiburg.de

Bärbel Barzel

Institute for Mathematics, University of Education

Freiburg, Germany; barzel@ph-freiburg.de

Paul Drijvers

Freudenthal Institute for Science and Mathematics Education

University of Utrecht, Utrecht, Netherlands; pauld@fi.uu.nl

Table of Contents
3Introduction


41
Theoretical Framework


41.1
Learning Algebra


71.2
Using Tools


81.3
References


92
Design and Methodology


92.1
Research Questions and Instruments


122.2
Research Design and Timetable


153
Material


153.1
Teaching unit


173.2
Test


184
First Impressions


184.1
Introduction


184.2
The role of Algebra in Mathematic


194.3
Motivation to use Algebra


214.4
Algebraic Skills


224.5
Choosing Applications and Representations


235
Activities


256
Attachments




Introduction

The results of a lot of research pointed out the benefit and the power of integrating technology into teaching and learning mathematics (Kaput 1992, Monaghan 2005, Zbiek et al. 2007). The idea of the CAYEN-project is to concentrate on single aspects of this broad field. A lot of computer software is available for learning and teaching mathematics but only some systems are able to handle with symbolic representations. A central aspect of computer algebra systems (CAS) is that complicated algebraic manipulations can be done automatically, so they are often integrated in higher algebra to replace the manipulations. How CAS can be integrated in the process of teaching and learning elementary algebra is still unclear. The aim of the research in the frame of CAYEN is to investigate the earliest point when the use of CAS is meaningful for learning algebra. In an empirical study TI-nspire handhelds, which are available as CAS- and non-CAS-version, are used in a control-group-design. Two groups of classes with twelve-year old pupils are taught for several weeks with TI-nspire respectively TI-nspire CAS when learning elementary algebra. Both groups are using nearly the same teaching material which only differs in some aspects concerning the use of CAS. In most states of Germany (e.g. Baden-Württemberg where the study is located) teaching with graphic calculators is compulsory for the Gymnasium (the highest school of three) and CAS may be used. All the schools which take part at the study are Gymnasiums and most teachers are experienced with using such technology.

In a first phase (since January 15th 09) teaching material was developed with special regard to the integration of TI-nspire CAS and TI-nspire. As a next step two CAS-classes and one non-CAS-class were observed when being taught with that material. The aim of this phase was to pilot and validate the material as well as finding first aspects concerning the use of CAS and the research questions. In winter 2009 the second phase will start. For this several teachers (about 15) will be prepared how to teach with the developed material. Their classes start to learn elementary algebra in spring 2010. In this phase primary quantitative data will be collected with the aim to respond the research questions concerning the use of CAS. To find aspects to some questions it is necessary to collect qualitative data again. The aim of this second phase is to answer the central question: CAS when learning elementary algebra - YEs or No?

In chapter one of this report the theoretical framework of CAYEN is presented. It includes two big parts and the connection between them: Learning algebra and using technology. The design of the study and especially the developments after the first phase are shown in chapter two. The most important aspects of the teaching unit and the tests for the quantitative study are discussed in chapter three. The material itself is attached to give an impression of the base of the data. In chapter four “first impressions” aspects concerning the first results of the research questions and their consequences for the next phase are described. An overview of lectures and workshops which are visited in the frame of CAYEN is shown in chapter five. In the report hints to attachments are given and one can find them in chapter six.
1 Theoretical Framework

1.1 Learning Algebra

The offer of literature in the field of didactics of algebra is very multifaceted. Vollrath (1994) gives an overview of the inner mathematic structure and completes the single chapters with didactic information. Malle (1993), Drijvers (2003) and Siebel (2005) structure the field with didactic aspects and integrate the mathematic content. The main aspects which are discussed in the literature are shown in the following spreadsheet. To give an impression of the content of the discussion concerning the related aspects some examples are described. Sure there are connections between single aspects which are described in the spreadsheet, too.
	Aspect
	Content of the discussion

	role of algebra in mathematics
	The role of algebra in the field of mathematics in general and in special the step from arithmetic to algebra. This aspect is related to the inner mathematic structure of algebra because algebra can be seen as arithmetic completed with variables. But from a didactic point of view the roles of several arithmetic objects chance what has to be respected when teaching algebra.
(Malle 1993 (p. 135-155); Vollrath 1994)



	inner mathematic structure of algebra
	In elementary algebra different objects appear: numbers, variables, arithmetic operators, expressions and equations. Important are the buildup and the connections between them. They can be used to work with algebra and are strongly related to the development of concept images and a sense for symbols and structures.
(Siebel 2005 (p. 73-88); Vollrath 1994)

	algebra in the frame of functional thinking
	Spreadsheets, graphs, verbalizations and algebraic equations are the main representations of functions. The value of the algebraic representation in relation to the other ones is relevant for learning algebra. The question is whether algebra and functional thinking should be taught separately or simultaneously.
(Malle 1993 (p. 79-88); Vollrath 1994 (p. 118-180))

	algebraic skills
	Syntactical work as well as developing and using a sense for symbols and structures are essential when dealing with variables, expressions and equations. Especially acquiring this sense is strongly related to the concept images of algebraic objects.
(Malle 1993 (p. 188-205); Drijvers 2003 (p. 49-51); Arcavi 1994)

	concept images in the frame of algebra
	To the different algebraic objects different concept images are related. Each of these objects is known before learning algebra but they are used in new roles when working algebraically. In different contexts algebraic objects appear with different aspects. Having these aspects in mind and using them is necessary to develop concept images.
(Malle 1993 (p.44-55; 79-85); Siebel 2005 (p. 19-26; 73-88))

	approaches to algebra
	For teaching algebra several approaches are possible. A genetical approach for example is often related to the historical development.

(Siebel 2005 (p. 28-42); Drijvers 2003 (p. 39-41))

	relation between mathematics and speech
	Algebra can be used to communicate. Therefore it’s important that mathematical perceptions are learned, understood and used. This aspect is an important part of the algebraic skills.
(Vollrath 1994 (p. 66-116); Siebel 2005 (p. 91-112))

	difficulties when learning algebra
	Single mistakes when learning algebra are analyzed and structured to react to them. Many mistakes base upon wrong concept images so this aspect is related to them.
(Malle 1993 (p. 160-205); Vollrath (p. 76-84); Drijvers 2003 (p. 41-44))


Aspects with great relevance for the use of CAS:
In the frame of CAYEN a teaching unit has been developed for introducing algebra in grade seven. Therefore all aspects shown in the spreadsheet have a great relevance. For learning algebra with TI-nspire CAS, especially in comparison to learning algebra with TI-nspire some single aspects are very important.
The role of algebra in mathematics: In most approaches to mathematic pupils acquire arithmetic skills before learning algebra. The step from arithmetic to algebra is influenced by the use of calculators. Before learning algebra, when working with arithmetic calculators are used mostly in school. Algebra appears in another role if the calculator can’t be used anymore. If the pupils’ images of the role of algebra are influenced by the use of CAS is an important question of CAYEN.

Algebra in the frame of functional thinking: Spreadsheets, graphs, verbalizations and algebraic equations are the main representations of functions. The connections between them and an easy change from one to another representation are important when working with algebra (Kaput 1992, Monaghan 2005, Zbiek et al. 2007). TI-nspire gives the opportunity to connect single applications. If one function is defined in one application it can be used in other ones. But only the CAS-device gives the opportunity to work with defined functions algebraically. That means that the connection from other representations to the algebraic one and the other way around can be handled with additional possibilities when using Ti-nspire CAS. 

Algebraic skills: Syntactical skills and deep understanding of algebra are necessary to work with it. When exercising syntactically the integration of CAS offers additional tasks and new perspectives to algebra arise. A sense for symbols and structures and a deep understanding are strongly related to the images pupils get in mind when seeing algebraic objects.

Concept images in the frame of algebra: Numbers, Variables, Expressions and Equations are algebraic objects and each of them is related to different concept images. These images emerge from the different aspects with which the objects appear. When using CAS some aspects are presented in an additional way. For example if a variable is used in CAS one can insert a value as well as an algebraic expression (insertion aspect). Concept images influence the whole work with algebra, so this is a very important field to point out the value of CAS.

Relation between mathematics and speech: For working with CAS one has to give advices to the handheld how to handle an algebraic object (e.g. “expand”). The commands have to be exactly right, otherwise the machine doesn’t work. The use of correct mathematic speech is seen from an additional point of view when working with CAS. The other way around is important, too. The solutions the calculator gives have to be understood.
1.2 Using Tools
Using technology for teaching and learning mathematics is discussed mainly since the 90th in the didactic literature. In most literature single aspects are shown and there are no widespread works available, like in the field of algebra. Important aspects are described in the following spreadsheet.
	Aspect
	Content of the discussion

	didactic principles to integrating technology into teaching
	The role of technology in teaching and learning is very versatile. Classifying and analyzing the roles is necessary to integrate technology meaningfully. Important in this field is the relation between the use of technology and the teaching aims which will be reached as well as the influence of technology to the teachers beliefs in their work.
(Heugl et al 1996; Kendal / Stacey 2002; Lagrange 2005)

	theory of instrumentation
	Single applications and whole systems can be used as problem solving instruments in different ways. The step of using a tool is related to mathematical concepts.

(Guin / Trouche 2002; Drijvers / Trouche 2008 )

	media skills
	When using media one has to be familiar with the handling and the insertion of it as well as with the advantages and the disadvantages of its use.

	 The role of technology when learning
	The degree of freedom of decision is relevant. When using technology as a learning environment it is generally low, using it as a tool the degree is quite often high.

	operation methods of pupils
	Different methods of operation are possible when working with a tool. The relation to the mathematic work is important.

(Guin / Trouche 2002)


Aspects with great relevance for the use of calculators:

Theory of instrumentation: When solving a problem one always uses instruments. A handheld can be an instrument as well as an algebraic object or an application in a computer system. The step of instrumentation is done when one takes a meaningless object (artifact) and uses it to work with it. Sure it is related to the kind of tasks and the mental scheme one has in mind. The step of instrumentation of CAS and its relation to the instrumentation of algebraic objects influence the learning of algebra.
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2 Design and Methodology

2.1 Research Questions and Instruments
At the beginning of the project the following questions were given:

1. Which tools do pupils use and how do they use it? For which activity do they use the tool? What is the relation between mathematical conception and tool use? 

2. What are the differences between the groups who use CAS and non-CAS concerning processes and products when solving linear equations in the frame of functions? 

3. What is the influence of the teachers’ attitudes concerning the use of CAS?

(Attachment: application of CAYEN)
The first question is still one of the central points. Already in the pilot phase the role of the mathematical conception has been pointed out as an important field of investigation. Concept images determine nearly the whole work with algebraic objects and the relation to the use of CAS is very strong. The second question plays an important role in the second phase of the study. The products of the pupils’ work will be written documents on the one hand, but on the other hand the algebraic skills pupils acquire are even more important. The aspects referring to question three have been seen very widespread and multifaceted in the pilot phase what makes it hard to investigate. Furthermore this question has to be seen as hardly to be reached in the control-group-design, because the idea of the study was to treat both groups as similar as possible. That means that the moderator variable “teachers influence” should be controlled as much as possible but when controlling it one can’t investigate it at the same time. The new idea concerning this question is to let the teachers evaluate the teaching unit we made. That gives hints to their attitudes as well but doesn’t influence the aspects referring to question one and two.

At the beginning of the project the pupils work in the following field should be investigated: 
The study will focus on function-based algebra. Topic-specific issues are whether students show different capabilities according to the use of different tools (CAS+, CAS or Non-CAS) concerning the: 
· meaning of parameters, 

· solving  of basic linear equations, 

· solving of systems of linear equations

(Attachment: application of CAYEN)
In the pilot phase aspects concerning the concept images pupils acquire in elementary algebra have been seen as an important point (see chapter four). Their development begins when making first experiences with algebraic objects. CAS can be inserted well in this early phase and plays an important role in the development of concept images. Syntactical skills base upon concept images so the value of CAS is higher in developing concept images than in acquiring syntactic skills. The next phase of the investigation will focus on this point. The meaning of parameters and the solving of systems of linear equations are integrated in the teaching unit with some aspects but they are not the main focus anymore. In this field pupils practice often syntactical work because they already have acquired concept images of elementary algebraic objects. In the phase before systems of linear equations are taught the development of concept images has more importance than syntactical work. That means that the field of investigation moves to an earlier phase in the learning process. The new contents are:
· Using variables

· Using expressions and equations (not only linear)

· Solving linear equations

The structure of the second phase of the investigation is shown in the following scheme:

	Question
	Method and instruments

	1. The use of tools

	Which tools do pupils use?
	qualitative methods:

· observation of pupils in school

· analyses of pupils’ exercise books

· video analyses



	How do they use these tools?
	

	For which activity do they use the tools?
	

	What is the relation between concept images of algebraic objects and tool use?
	qualitative methods:

· interviews of single pupils

· think a loud techniques

· analyses of pupils’ talks when solving tasks

	What is the relation between the image of the role of algebra and tool use?
	

	2. The products when learning algebra

	How do the documents of pupils of the two groups differ? 
	quantitative and qualitative methods:
· analyses of pupils’ exercise books of the two groups



	How do the algebraic skills of pupils of the two groups differ?
	quantitative methods:

· pre- and post-test

· Paper and Pencil part

· Additional items presented with powerpoint

	Are there differences concerning the skills of communicating with mathematic speech?
	

	Are there differences between the groups concerning the aspects with which algebraic objects appear?
	

	Are there differences concerning the motivation to the use of algebraic representations?
	

	3. The teachers’ attitudes

	Which attitudes do the teachers have concerning the use of CAS?
	qualitative methods:
· questionnaire

· interviews



	Do these attitudes influence the pupils work?
	qualitative methods:
· analyses of the pupils exercise books

· analyses of the results of the tests




2.2 Research Design and Timetable
The research questions show that some relevant aspects will be investigated with qualitative methods. Originally in the first phase all the qualitative data should have been collected. But in this phase some points when CAS is used very often by the pupils appeared as very important. Furthermore the importance of some aspects concerning learning algebra is probably much higher than the theoretical analysis had shown (eg. concept images of algebraic objects). This led to the idea to collect some qualitative data again. In addition this gives the possibility to collect qualitative data in two classes which are taught by the same teacher, one with TI-nspire CAS and one with TI-nspire. So in the second phase quantitative data will be collected in about seven CAS- and seven non-CAS-classes and two of these classes will be investigated qualitatively, too. The following timetable of the whole project arises.
	Time
	Topic
	Content and Aim
	Methodology

	Till end of May 2009


	Developing and piloting the teaching material.


	Collecting and analysing data for finding first results. Focusing on the development of the material and on finding first answers to the research questions.
	Open observation, supported by filming.

	Till end of July 2009
	Developing and piloting additional single tasks. 

Finding teachers for the quantitative part.
	Developing new kinds of tasks which refer to the results of the first part of the study. Redeveloping the teaching material and finding answers to the research questions. Developing the post-test by using results of the pre-test. Finding teachers by an article in the TI-newsletter.
	Observation of the same classes like in the first part. Trying out additional instruments like screen capturing and interviews of single pupils.

	Till end of August 2009

(state of the art)

	First report for TI
	Summarising the results of the school observation.  Planning further work.
	Using the experiences of the first phase.

	Till end of October 2009
	Preparing the material for the quantitative study.
	Preparing the teaching material and the tests for the quantitative study. Preparing a training for the teachers of the quantitative study (methods of teaching and inserting TI-Nspire models). Inserting some Special CAS-lessons which are researched qualitatively in single classes. 
	Using the material which is developed in the qualitative part.

	Till end of December 2009


	Preparing the teachers and their classes for the quantitative study.
	Introducing the material to the teachers by training them for the teaching unit. Finding out how TI-Nspire is inserted in lessons.
	Personal training for all teachers on one day. 
Interviews of the teachers.

	Till end of March 2010
	Realising the treatment and collecting qualitative data.
	Finding out the competences of the pupils by using the pre-test. Organising and controlling the teaching unit (short questionnaire for weekly reports by the teachers). Finding out the outcome by using the post-test. Collecting qualitative data in some classes in special CAS-lessons.

	Tests and qualitative methods.

Questionnaire for the teachers.

	Till end July 2010
	Analysing the quantitative and the qualitative data.
	Focusing on the quantitative data of the tests. Analysing the teachers’ questionnaires and the qualitative data. Comparison to the results qualitative data of the first qualitative study.
	Quantitative and qualitative methods.

	Till end August 2010 
	Second report for TI
	Summarising the results of the quantitative data.
	Using the analysed data.

	Till end January 2011
	Final research report
	Summarising and comparing the results of the first reports. Connecting the results of the qualitative and the qualitative study. 
	Using the analysed data of the studies and the reports.


3 Material

3.1 Teaching unit

The influence of the teaching material on the results of the study is very strong. On the one hand the teaching unit has to be meaningful for learning elementary algebra and on the other hand it must enable to investigate the pupils’ learning processes. Therefore it is necessary to have individual phases in the teaching unit where pupils work self-dependent so that an investigation of individual learning processes is possible.

Inserting technology means to deal with additional possibilities. Solving tasks of traditional teaching material with technology is mostly not meaningful from a didactic point of view. The tasks have to be changed and adopted referring to the tools which are available. If a graphing tool is available one has to deal with quickly available graphs. If CAS is available algebraic manipulations can be done automatically. When developing the unit for CAYEN the treatment of both groups should be as similar as possible. But the insertion of CAS forces to use different tasks in some parts.

In the teaching unit algebra appears in the frame of functional thinking. Learning the use of variables is meaningful when working with applied problems. Thus the possibility is given to get an image of variables as symbols which are strongly related to reality and not only the image of symbols which can be calculated with. Applied problems can mostly be solved in different ways with using different representations like spreadsheets, graphs or algebra. At the beginning of the process of learning to use these representations it is important that pupils have the freedom of choice which they use. Working in this field means to learn functional thinking. Another consequence of this approach is that the connection between the representations and their values can be discussed in the lessons.
All these aspects are quite new compared with traditional ways of teaching. Therefore it is important to have a teacher-training in advance as a preparation and to make clear the characteristics of this approach.
The following scheme gives an overview of the unit (the whole material is attached).

	Cognitive Activity
	Task and Content
	Use of TI-nspire

	Discovering the dealing with variables, spreadsheets, graphs and expressions
	Experiments in reality
	only for capturing data with CBR.

	Exercising the dealing with variables, spreadsheets, graphs and expressions
	applied problems
	TI-nspire is used but nearly no CAS.

	Discovering the idea of equivalence
	The model of a balance in relation to equations
	CAS is used to manipulate algebraic equations.

	Discovering the dealing with variables and the use of equations in the frame of other representations


	applied problems and the relation to the model of a balance
	TI-nspire is used with all application.

	Exercising the dealing with variables, expressions, equations and syntactic procedures
	Applied Problems and inner mathematic tasks
	TI-nspire is used mostly for numeric calculations. TI-nspire CAS is used for algebraic manipulations as well.

	Reflecting and structuring the field of elementary algebra and developing general rules
	The solutions of the tasks which were treated in the unit
	CAS is used for controlling algebraic rules.

	Exercising work in the frame of functional thinking
	Widespread applied problems and inner mathematic tasks
	TI-nspire is used with all applications.


3.2 Test

The pre- and post-test are the main research instruments in the quantitative part of the study. So its development has to be done very carefully.  At the beginning of the project it was planned to use items of tests of other projects. But the available material didn’t match well to the relevant aspects. In a first step an own test was developed and piloted in school. In the moment the results are analyzed. A first impression is that some items didn’t work well and have to be reworked. Contacts to other projects (R. Oldenburg, Frankfurt, Germany; R. Pierce, Melbourne, Australia) gave us materials which match better. Although the first one is a test for higher grade pupils single tasks can be used directly and some will be adopted. The second one is a test for measuring basic syntactic algebraic skills and this point will be investigated in CAYEN, too. This test bases upon a power-point-presentation, the consequence is that the time pupils see a task is controlled exactly. Probably we are going to use this idea, too. All the three tests are attached.
4 First Impressions
4.1 Introduction

In the first phase of the project the teaching unit was inserted in two CAS-classes and one non-CAS-class. These classes were observed for four weeks. The lessons were filmed and the parts when frontal teaching methods were used have been analyzed again. When pupils were working self-dependent the possibility was given to talk to them when solving tasks. So the role of the researcher changed from an observer to an interviewer. That means that some of the first impressions only base upon these experiences. At the end of each point assumptions related to the first impressions are given. In the next phase of the investigation especially data concerning these points will be collected to validate the first impressions.
4.2 The role of Algebra in Mathematic
Related research question:

· What is the relation between the image of the role of algebra and tool use?
Observance: When working with applied problems pupils often could choose which approaches and applications they use. In general these are algebraic, numeric or graphic representations. The verbal one mostly doesn’t lead to a solution when calculations are necessary. During the lessons several times pupils of both groups typed in their calculator algebraic expressions and equations without giving a command. They wondered why no solution was given and asked their teachers. Pupils of the CAS-group could add a command and go on with their work. Pupils of the non-CAS-group had to stop and to change to paper and pencil or to another representation respectively application. When talking about arithmetic laws in the lessons this point was discussed by the pupils again. For the non-CAS-pupils it was hard to understand that when calculating with variables and numbers the same rules are valid. They argued if that would be right the calculator would be able to calculate with algebraic expressions, too. The CAS-pupils didn’t talk about this problem. Furthermore they could validate their assumptions concerning arithmetic laws in algebra with CAS.
Interpretation: This shows that pupils don’t reflect what they can use their calculator for. Till this point they can solve every mathematical problem with it. When working with CAS this is still the same what leads to the impression that the step from arithmetic to algebra is more natural and similar to the other movement between representations for pupils which have CAS available. Pupils of the non-CAS-group had the possibility to type in their calculator letters, too. But the calculator can’t handle them as variables. The image that there is a difference between calculating with numbers and variables arises easily. Pupils know that calculators work with a certain algorithm. If this algorithm can be used for numbers there should be no problem to use the same algorithm for variables, too. 
When arithmetic expressions appear in school one mostly calculates the solution which is a single number. An important new aspect of algebra is that expressions and equations in this field can be treated in several ways. For example one can expand or factorize expressions or solve equations for different variables. When working with paper and pencil this is usually done without giving a comment. But when working with CAS the different possibilities become much more clearly and have to be reflected intensively. If one types in an expression the calculator doesn’t know how to handle it and a command must be given. Without giving any command or a wrong command the CAS doesn’t give a solution. That means that pupils who learn with CAS get additional images of these new aspects of the work with algebra. Furthermore the role of the communication about mathematic gets more importance because it is necessary to communicate with the CAS. 
Assumption: The step from arithmetic to algebra is easier when algebra is learned with CAS. Similarities and differences become more clearly if CAS is used and the communication in mathematic is getting more importance.
4.3 Motivation to use Algebra
Related research question:

· Are there differences concerning the motivation to the use of algebraic representations?

Observance: In the teaching material the advice is given to compare the different representations of functions after applied problems have been solved. In the lessons pupils at first had to collect advantages and disadvantages of every single representation alone. Later on in a discussion the results were compared. In both groups the same advantages of the algebraic representation were pointed out: The results concerning algebraic ways are more exactly than graphic or numeric ones. When drawing graphs with the calculator single points can be shown exactly, too. But pupils argued that the calculator doesn’t use the graphs as they do in paper and pencil work. They knew that it calculates the coordinates of the points. Furthermore the pupils pointed out advantages in dealing with big numbers. In this case the algebraic way is faster and more exactly again. When a big amount of numbers has to be calculated the algebraic representation competes against the spreadsheet. Especially if the steps between single values are irregular pupils prefer the algebraic way. Both groups saw as a disadvantage that building an algebraic expression or equation is difficult. Translating applied problems in symbolic mathematic speech is more difficult than drawing a graph or preparing a spreadsheet independently from the media which is used.
The aspects concerning the difficulty of dealing with algebraic expressions pointed out by the pupils differ between the two groups. Pupils of the non-CAS-group said that it is hard to solve equations or to calculate the values of expressions. On the other side pupils of the CAS-group said that dealing with algebraic expressions is easily. They added that they are mostly sure that the results are correct if CAS can be used. In working with algebra pupils of the CAS group showed more courage concerning complicated expressions and they gained safety in working with simple expressions.
Interpretation: Especially when working with applied problems pupils who have the possibility to use CAS are more motivated to use algebraic representations. Pupils of both groups know the advantages of algebraic work but this is not enough to motivate the use of algebra. They prefer the easiest way to solve a problem and their choice is influenced by the syntactic work they have to do. A consequence is that pupils of the non-CAS-group try to avoid the use of algebra when they have the possibility to use other representations. The value of algebra appears from another point of view if CAS can be used. When working with CAS the step of building an algebraic representation of a problem is practiced more often and gets a central role. When beginning to solve tasks with paper and pencil the algebraic way is done more easily because the only challenge is the syntactic work. 
Assumption: The motivation to use algebra in applied problems is bigger for pupils who may use CAS. Building algebraic expressions is playing a central role. The motivation to practice syntactic work is influenced too, because the first steps of the algebraic way are seen easier.
4.4 Algebraic Skills
Related research questions:

· Which tools do pupils use?

· Are there differences concerning the motivation to the use of algebraic representations?

Observance: The field of algebraic skills splits in two parts: syntactical skills and a sense for symbols and structures.
Syntactical manipulations of algebraic expressions and equations can be done with CAS automatically. In the lessons it could be observed that pupils of the CAS-group were working with CAS as well as with paper and pencil. They used the calculator quite individually to validate their results or to find mistakes in their paper and pencil work. At the beginning of the unit, when pupils didn’t have acquired syntactical skills for solving equations yet, they got to know the solve-command. But they haven’t been confident with that automatic way. They argued working with the handheld is easy and the motivation to solve equations with paper and pencil arose without the teachers’ influences. Furthermore they had the wish to understand how the calculator is working. In a discussion one pupil argued, that the constructors of the calculators have to be able to solve equations with paper and pencil. There must be an algorithm in the calculator which it uses. A consequence of this discussion was that pupils wanted to create their own algorithm for solving equations.
In the teaching unit some applied problems lead to solving a system of two linear equations, although the methods to do that are not in the focus of the material. Pupils of the CAS-classes could solve such systems without problems. They didn’t work in a syntactic way but they used their senses for symbols and structures to find a solution of the applied problem. Working with the substitution method means to solve one of the equations for a certain variable and to substitute the expression in the other equation. With the equivalence method both equations are solved for the same variable and an equation is build. For both ways one has to understand the meaning of equations and of variables. Both methods were used by pupils in the CAS-classes without the teachers influence. CAS was used to do that because the algebraic expressions which appeared were sometimes very long.
Interpretation: Using CAS for learning syntactic skills has more variety. Tasks which are related to the use of CAS differ to paper and pencil tasks and the work becomes more diversified. When solving applied problems an additional tool can be used. The motivation to develop syntactical skills is supported by the use of CAS because a more self-dependent way is possible.
Some pupils have fear of big algebraic equations and expressions. A consequence is that they don’t use it although they are able to handle single parts of it. When working with CAS the syntactical work doesn’t have to be done. Pupils of the CAS-group had more often the courage to build long expressions and equations which are related to applied problems. Using their senses for symbols and structures brought mostly success, because they focused on the step of building and using algebraic objects and not on the syntactic work. When doing this, syntactical skills (methods of solving systems of linear equations) arise automatically. 
Assumption: Pupils of the CAS-group have more motivation to acquire syntactic skills. They can focus on developing a sense for symbols and structures upon which syntactical work bases.
4.5 Choosing Applications and Representations

Related research questions:

· Which tools do pupils use?

· For which activity do they use the tools?

· Do the teachers’ attitudes influence the pupils work?

Observance: In the teaching material the different representations appear simultaneously but in single phases of the lessons some representations had more importance. For example at the beginning of the second part of the teaching unit graphs have been discussed during the lessons very often. These discussions influenced the pupils’ choices of representations. When they solved an open task after such a discussion they mostly focused on the representation which was discussed before. But after they got familiar with the different representations it could be seen that all representations were used in the classes for solving applied problems. When having the choice with which representations a task is solved, single pupils of both groups often started with the same ones. These representations were strongly related to the application they opened in their calculator. If pupils of the CAS-group used the application “calculator” they could choose whether they use an algebraic or a numeric representation or both in the same application. Pupils of the non-CAS-group didn’t have this possibility. In the process of solving pupils of the CAS-group switched more often to another representation especially to the algebraic one. When pupils of the non-CAS-group switched to the algebraic representation they had to change their media from the handheld to paper and pencil. After a task was solved most pupils of both groups haven’t been motivated to use another representation to validate their results.
Interpretation: The choice which representations pupils use is strongly influenced by the content of the lessons and the teachers. Single pupils use often their favorite representation independently if the use is meaningful for solving the task. Thereby it is important that pupils get to know each representation, its advantages and its disadvantages. Pupils which use TI-nspire CAS have more possibilities to choose representations. This leads to the effect that their choice must be reflected well. Switching from another representation to the algebraic one is easier for them. They haven’t to change the media and can use algebraic expressions they have defined in other applications for algebraic manipulations. This leads to the effect that the algebraic representation is used more often and that its connection to other representations becomes more clearly. If CAS-pupils evaluate the different representations the aspects they discuss are not influenced by the possibility to handle it with the calculator.
Assumption: Pupils who learn functional thinking with TI-nspire CAS evaluate the different representations from a more objective point of view. The values of single representations and the connections between them become more clearly.
5 Activities

Presenting CAYEN in the frame of lectures and workshops gives the possibility to collect suggestions for our work from teachers and researchers. Connections which have already been made brought successful help. This is an overview of the main activities which have been done respectively are planned for the next half year.

	ICTMT 9

presentation
	July 6th - 9th 09

Metz, France
	At the “Ninth International Conference for Technology in Mathematics Teaching” the whole project was presented by B. Barzel and M. Zeller as well as discussed with researchers and teachers. The presentation is attached to this report.

	ICTMT 9

paper
	May 09
	The project and some first impressions are introduced in the paper of the conference (available on www.ictmt9.org and in the attachment of this report).

	Article in TI-Nachrichten (German)
	Autumn 09
	The article is already finished and includes an introduction of the project and aspects of the insertion of TI-nspire in teaching material and lessons (see attachment).

	
	
	

	Mathe für alle
	October 15th 09

Freiburg, Germany
	Conference for teachers and students at the university of education, Freiburg. The use of TI-nspire and TI-nspire CAS will be introduced and the teaching unit will be discussed in the frame of a workshop.

	Sharing Inspirations
	November 20th, 21th 09

Frankfurt, Germany
	Conference organized by T3 for teachers which work with TI-nspire technology. The project will be introduced and the teaching material will be discussed in the frame of a workshop.

	Article in ZDM
	Winter 09
	Article in the international journal “Zentralblatt der Didaktik der Mathematik“. The whole project will be introduced together with B. Barzel and P. Drijvers.


6 Attachments

a _ Application of research - CAYEN

b_ Teaching unit

c_ Tests of CAYEN (teachers’ version)
d_ Test by R. Pierce

e_ Test by R. Oldenburg
f_ Paper of the ICTMT 9

g_ Presentation of the ICTMT 9

h_ Article in the German TI-Nachrichten
